The concepts of 2-domination and restrained 2-domination are among the variations of the standard domination concept in a graph. In this paper, the 2-dominating sets in the join, and the corona of graphs are characterized and their corresponding 2-domination numbers are determined. The restrained 2-dominating sets in the lexicographic product of graphs are also characterized. Some sharp upper bounds for the restrained 2-domination number of the lexicographic products of graphs are obtained.
Introduction
Let G = (V (G), E(G)) be a graph . The neighborhood of v is the set N G (v) = N (v) = {u ∈ V (G) : uv ∈ E(G)}. A subset S of V (G) is arestrained set if for each x ∈ V (G) \ S, there exists y ∈ V (G) \ S such that xy ∈ E(G). A subset S of V (G) is a restrained dominating set of G if S is both a restrained set and a dominating set of G. A subset S of V (G) is a restrained 2-dominating set of G if S is a 2-dominating set of G and for each v ∈ V (G) \ S, there exists u ∈ V (G) \ S such that uv ∈ E(G), that is,
The domination number (resp. 2-domination number, restrained domination number, restrained 2-domination number), γ(G) (resp. γ 2 (G), γ r (G), γ r2 (G)) of G is the smallest cardinality of a dominating (resp. 2-dominating, restrained dominating, restrained 2-dominating) set in G.
The concepts of restrained domination, 2-domination and restrained 2-domination in graphs were studied in [1, 6] , [3, 4] and [2, 5] , respectively. Other variations of the standard domination concept can be found in [7] .
2-Domination in the Join of Graphs
The join of two graphs, denoted by G + H, is a graph with vertex set
and edge set
Theorem 2.1 Let G and H be any non-trivial graphs. Then S ⊆ V (G + H) is a 2-dominating set of G + H if and only if any of the following holds:
(ii) S ⊆ V (H) and is a 2-dominating set of H; 
Proof : Let S ⊆ V (G + H) be a 2-dominating set of G + H. Consider the following cases:
Case 2:
is satisfied. Suppose (v) fails to hold. Consider the following subcases:
Subcase 1:
Since S is a 2-dominating set in G + H and |S 2 | = 1, there exists b ∈ S 1 such that ab ∈ E(G). Thus, S 1 is a dominating set of G. Similarly, S 2 is a dominating set of H.
Subcase 2:
Since |S 1 | = 1 and S is a 2-dominating set of G + H, there exists y ∈ S 2 such that xy ∈ E(H). Hence, S 2 is a dominating set of H.
The converse is clear. The next result is a quick consequence of Theorem 2.1.
Corollary 2.2 Let G and H be any non-trivial graphs
Suppose x ∈ V (G) and y ∈ V (H). Then {x} and {y} are dominating sets of G and H, respectively, by Theorem 2.1(iii). Thus,
then S is a 2-dominating set of H by Theorem 2.1(ii). Suppose without loss of generality, that {a, b} ⊆ V (G) and {c} ⊆ V (H), Then {a, b} is a dominating set of G, by Theorem 2.1(iv). Since
Conversely, suppose γ 2 (G) = 3 and let S be a 2-dominating set of G. By Theorem 2.
Corollary 2.3 Let H be any non-trivial graph and m ≥ 2 is a positive number. Suppose γ(H
Proof : Suppose that S is a 2-dominating set of K 1 + H. Consider the following cases:
Since S is a 2-dominating set of K 1 + H, there exists x ∈ S 1 such that xy ∈ E(H). Thus, S 1 is a dominating set of H.
For the converse, suppose that S is a 2-dominating set of H. Then S is a 2-dominating set of
Corollary 2.5 Let H be any graph. Then
Let S be a γ 2 -set of H and let S 1 be a γ-set of H. Then S and V (K 1 )∪S 1 are 2-dominating sets of K 1 + H by Theorem 2.4. Hence, 
2-Domination in the Corona of Graphs
The corona of two graphs G and H, denoted by G • H, is the graph obtained by taking one copy of G and |V (G)| copies of H, and then joining the i-th vertex of G to every vertex in the i-th copy of H. For every v ∈ V (G), denote by H v the copy of H whose vertices are attached one by one to the vertex v.
Theorem 3.1 Let G and H be any non-trivial graphs. Then C ⊆ V (G • H) is a 2-dominating set of G • H if and only if
For the converse, suppose that
where A, S v
and D w satisfy the given conditions. Let
. Consider the following cases:
Corollary 3.2 Let G and H be any non-trivial graphs of orders n and m, respectively. Then
Proof : Let S 1 and S 2 be a γ-set and γ 2 -set of H, respectively. For each v ∈ V (G), we set S v = S 1 and
are 2-dominating sets of G • H by Theorem 3.1. Hence,
as described in Theorem 3.2.1. Thus,
Restrained 2-Domination in the Lexicographic Product of Graphs
The lexicographic product G[H] of two graphs G and H is the graph with
(G[H]) if and only if either uv ∈ E(G) or u = v and u v ∈ E(H).
Observe that any nonempty subset C of V (G[H]) = V (G) × V (H) (in fact, any non-empty set of ordered pairs) can be expressed or written as C = x∈S ({x} × T x ), where S ⊆ V (G) and T x ⊆ V (H) for each x ∈ S. Henceforth, we shall use this form to denote any non-empty subset C of V (G) × V (H).
Theorem 4.1 Let G and H be connected non-trivial graphs. A subset
only if S is a dominating set of G that satisfies the following:
, T x is a restrained set, where
)(y, b) ∈ E(G[H]). Then y ∈ S and xy ∈ E(G). This shows that S is a dominating set of G.
Now let x ∈ S\N G (S) and let q ∈ V (H)\T x . Then (x, q) / ∈ C and there exist distinct vertices (z, c),
, it follows that z = w = x. Thus, c, p ∈ T x , c = p, and qc, qp ∈ E(H). This shows that T x is a 2-dominating set of H.
Next, let x ∈ S ∩N G (S) with |N G (x)∩S| = 1, say N G (x)∩S = {y}. Suppose T x is not a dominating set of H. Then there exists u ∈ V (H)\T x such that au / ∈ E(H) for all a ∈ T x . Since C is 2-dominating and ((x, a) ). This implies that v = w = y, b, c ∈ T y , and
For the converse, suppose that S is a dominating set of G satisfying properties (i), (ii), (iii) and (iv). Let (x, a) ∈ V (G[H])\C. Consider the following cases:
Case 1: Suppose that x ∈ S\N G (S).
Then T x is a 2-dominating set by (i). Since a / ∈ T x , there exist distinct vertices b, c ∈ T x such that ab, ac ∈ E(H). It follows that there are distinct (y, b)(x, a), (z, c), (x, a) ∈ E(G[H] ). Suppose now that |N (x) ∩ S| = 1, say {w} = N (x) ∩ S. By (ii), either T x is a dominating set of H or |T w | ≥ 2. Suppose T x is a dominating set of H. Since a / ∈ T x , there exists b ∈ T x such that ab ∈ E(H). Pick t ∈ T w . Then (w, t), (x, b) ∈ C and (w, t)(x, a), (x, b)(x, a) 
Further it is clear that 
